INTRODUCTION
1.1. Let A, be the Steenrod algebra for the primep. Adams in [Z] introduced a spectral sequence which has as its E2 term ExtAp(H*(X), Z,) and which converges to a graded algebra associated to n*(X, p), i.e. the p-primary stable homotopy groups of X. In this paper we will study this sequence for X = S", p = 2. In particular we will evaluate enough differentials to obtain the following 2-primary stable homotopy groups. 
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The notation is read as follows, for example: zdl equals either Z,, plus three direct summands of Z, , or possibly Z, plus four direct summands of Zz; etc. , h, u, I, and IV in dimensions 38, 40, 41, and 45 respectively.
We will be concerned throughout only with stable groups and with the prime 2; therefore our notation takes this for granted. Thus we write r&S') for the 2-primary component of z,,+~(S) (n large), we write A for A,, and so forth. 
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The first problem in any use of the Adams spectral sequence is to obtain E2 = Ext"Af(Z, , Z,).?
We do this by the technique of May [5] . May constructs another spectral sequence which has as its E, term an algebra we call E'Ext, which is a tri-graded algebra associated to E, = Ext. We have extended (and corrected) May's computations to obtain complete information on E'Ext to dimension 70. The range which will be needed for this paper is given in Table 1 .1.3. In addition some remarks on the product structure are given in 1.2 below.
Using Table 1 .1.3 as a reference we can state our main result. (vi) 6,h,hs = 11,x.
May and Maunder have previously determined
some differentials in the range 29 5 t -s g 46 which we collect for reference in the next theorem. THEOREM 1.1.5. (May [5] and Maunder [4] ). 6,P'k = P'+'h,g; 6,h, = hohi; 6,h~h, = s; 6&h, = P2h,,do; 6,P'l= P'h,d,e,; &P'm = hoe:; 6,P'e, = Pihido; d2P'j = P'+'h,d,; 6,P2'i = P2i+1h0d0.
To complete the proof of 1 .l.l it remains to prove the following result. Since we have computed Ext by May's techniques, the products which we naturally obtain are actually the products according to the algebra structure of E*Ext. The product in Ext of two elements always contains as a summand their product in E*Ext but may possibly contain also other terms of the same bi-grading (s, t) but of lower weight in the sense of May 151. Some examples are proved in $5 (5.1.3, 5.2.1, 5.2.4). It can be shown that h,-,r = s in Ext; hence h,r = 0 in E*Ext, but s has lower weight than h,r so that the product in Ext is not obvious. Except as noted in 7.4 and 8.6 below, our results are independent of such questions.
The following relations are derived in E*Ext by the May spectral sequence, and must hold in Ext for dimensional reasons. This list is by no means complete. These relations will often be used without specific reference to this lemma.
Many other relations are implicit in the notation of Table 1.1.3, such as hofo = h,e, , P'h,g = hik, h$ = h,z, etc. and MARTIN TANGORA Recall also the Adams relations hilzi+l = 0, hi@+ 2 = 0, I$ = hi2_llzi+ 1.
1.3. This paper is organized as follows. In $2 we settle 7~~~ and 7~~~. Some preliminary computations are contained in 93, and some techniques are introduced. In $4 we prove 1.1.4 (i)-(iii). Proofs of 1.1.4 (iv), (v), and (vi) Proof. The only doubtful point is the group extension of Z, and Z, from {h,g} = viz and {P1hld,-,). Mimura [7] has shown that TC~~ is generated by vc and EC Clearly then EJC = {P'd,,}. According to Barratt [3] , qlc = (K, 2v, v), so we have q2R = JC(~V, v, q) = ICE = {Pld,,). Then 4vE = u3i? = q{P'd,) = {P'h,d,).
Thus vlc = {h2gj is of order 8, which proves the theorem.
2.2. May has shown that nz9 is either Z2 or zero, depending on whether hjjk survives the Adams spectral sequence. 
THEOREM 2.2.2. hgk = 6,(r).
We will prove this in $8 using methods which are independent of the rest of this paper. There we show (8.1.1) that hi is a permanent cycle,$ and 2.2.2 follows. A direct proof of 2.2.2 is indicated in 4.4 below, 53. SOME LEMMAS 3.1. Consider the stable complex XV = So v,, e2, where by such a symbol we always understand C"X, where k is large enough so that the complex is defined and stable. Let M,, = H*(X,,) ; M,, is an A-module. The co-fibration 3.1.1 SOA X,.&S2
yields a long exact sequence in Ext:
-f This proof was suggested to us by M. G. Barratt.
$ We say that CL is a permanent cycle if 6,~ = 0 for all r; and if moreover CC projects to a non-zero element in E, we say that cc is a surviving cycle or survivor.
where the connecting homomorphism 6 is just multiplication by h, [I, Lemma 2.6.11. This enables us to write down Ext for X,, , using 1 .I .3. In the tables we write a for i,(u) and fl for an element such that p,(p) = /3. The rows and columns are fixed values of (t -s) and s respectively. 
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The Adams differentials are natural, which proves (i) and (ii), since these are carried forward by is and pulled back by p# , respectively. Then (iii) follows from (ii) by ,-htd, = h,,(l, h,, hgd,) 
Hence we easily obtain E, for X,, . The homotopy exact sequence of 3.1.1, in which the connecting homomorphism is multiplication by q, gives nl,(X,) = Z,? 2, and n,,(X,) = (Z, -t-ZJ ? (Z,, + 2,) where ? denotes an undetermined group extension. Comparing this calculation with 3.1.5, and observing that h, em, = h, (l, h,, hgh,) = <h,, hih,, h,) = P'h,, we can settle these homotopy groups.
LEMMA 3.1.6. n,,(X,,) = Z,; n,,(X,) = Z, + Z,, withgenerators {i#(eJ} and(r, ~,2p) respectively.
Note that i#(eo) is a survivor whereas e, does not survive in So. By 3.1.6 and inspection of the homotopy exact sequence we have 3.1.7 p*(i,(eJI = ulx.
3.2. Consider next the stable complex X, = So u, es and let M, = H*(X,). As with X,, the co-fibration 3.2.1 so 1 x, -5 s8
gives a long exact sequence in Ext, where the connecting homomorphism is multiplication by Iz, (or oin the homotopy sequence). LEMMA 3.2.2. In Ext2"(A4,, 2,) there is a class hz which survives the Adams spectral sequence, and projects to hi under p # , If a E Ext"k*(Z,, Z,) then h$ = i,P'a.
Proof. A portion of Ext for X0 is given below. Here the asterisks (*) denote hbh4, 1 r i S 7.
Proof. This is a straightforward computation using the relation h,P'h, = hid0 and other relations which are well known.
LEMMA 3.2.4. In the range of 3.2.3 the non-zero difirentials are (i) 6,hbh, = hb-'dO, i = 2, 3 ; (ii) 6,e, = P'cO.
Proof. Since K # OX,, i,lc # 0 where K = {d,} E z14 as computed by Toda. Thus the homotopy exact sequence of 3.2.1 implies that 7c1JXa) = Z, + Z, and so do must survive. If &hih3 were zero, then we would have &h,h, = hod,, by natural&y; but this could only happen if &h, = do, which is impossible. This contradiction proves (i). Similarly, since (PC,} = ++p = o,u E ox9 we must have Plc, = 6,e,. and we can compute Ext>'(M,, Z,) using the co-fibration (j, q). We will make extensive computations of this kind later. For the present we record one important fact. is zero in homotopy. Suppose a is an element in Ext for So such that i,a is a surviving cycle, and such that p@ is essential for every E E (isa}. Then u is not a permanent cycle.
Proof. We first show that a is not a surviving cycle. For suppose f: S' + So represented {a}; then the composition i-f would be in {i#a}, and therefore p,(i*f) would be essential, which is a contradiction.
It remains to show that u cannot be the image of a differential. Suppose that u = SJ3; then i,a = S,(i,@ by naturality, but this is impossible, since i,u is a surviving cycle. class h,h, = (1, h, , h,h& which is a permanent cycle. Multiplying by the permanent cycle g E Ext224(Z,, Z,) we obtain <h 3, h,h, , g} = i, t which must also be a permanent cycle. But it follows by naturality that t itself is a permanent cycle, since i, is monomorphic in dimension 35. COROLLARY 4.1.2. t is a surviving cycle.
ProoJ
The only other possibility is t = 6,hgh,; but h2hz = 0 and h,(h,d,) = 0 so clearly S3hih5 = 0. 4.2. We now prove the main result of this section.
THEOREM 4.2.1. 6,e,g = P'g. ProojI We use X,, and the results of 3.1. We have shown that i,e, is a survivor and that p*{i,e,} = mc (3.1.7). It follows that p*{i,e,g} = mccR where r? = {g}. Now r,~lcz = {hIdog}, but hIdog = h,ei = him. Since t is a permanent cycle, this element survives to ns5. Then 3.4.1 implies that e,g is not a permanent cycle. The only possibility is that of the theorem. 
The idea is that 4.2.3 would be immediate from 4.2.1 if P' were an actual class, but the complex X, contains a class r$ which behaves like P' by 3.2.2. The table gives a portion of Ext for X0. 
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By naturality we have 6,P2k = P3hOg and &Plk= P'h,g. Since h,PT= h:P'k, and 6,PFg = 0, a3hzP1k = 0. Thus P3g (i.e. i,P3g) projects to E4. Similarly P'e,g projects to Ea. But 6,J,P'e,,g = B,hTe,g = hz6,e,g = hyPZg = i,P1P2g
Since i, is monomorphic for the range in question, the theorem follows.
4.3. We now draw several consequences from 42.3. be non-zero and we are finished.
Thus a = doe0 + hgh, is a cycle in E, and hence Using 1.1.5 and 2.2.2, this settles rc30 = Z2. Here we have written P2k for (ji),P2k, etc. ; elements originating from the S-cell and the 16-cell have single and double bars respectively. By 3.3.2 (ji),P"s = P's. This is a permanent cycle, since s and P2 are permanent cycles in Ext for So and Y respectively. Since (jr), is monomorphic in the required dimension, P2s is a permanent cycle. Thus P'h$k is non-zero in E3 for So. But it must be zero in Eh since P2hik = P3h,g = h, .G,P'e,g whereas h,P'e,g = 0. The only possibility is P2h$k = 6,P2r.
We can now prove 2.2.2 by observing that H2S3r # 0 since, using 3.3.2, P2&r = 63(ji),P2r = (ji)#P2hZ,k # 0.
COROLLARY 4.4.2. 6,dor = P'hgm.
This is immediate from 2.2.2 and the relation P'him = hidok.
THE y FAMTLY

5.1.
We obtain 6,~ and make a related observation on the algebra structure of Ext. This would appear to imply that 63h3h, =x but we shall show in a moment that h$c = 0 in E3 so that this inference is not valid. In fact b3h3h5 = 0 as will be shown in Section 7. 
Proqf.
The idea is to work in X,, where we can "divide by PI" in the sense of 3.2.2. It follows from 6.1.2 that S&&k = G,i,P'gk = i,P'h,u = zP'h,u. Thus it is enough to show that hTP'h,u is non-zero in Es. A portion of Ext for X, is given in the table. From this it is obvious that ~~P'h,u = i,P2h,u survives to E3 and this completes the proof.
This follows immediately from 6.1.3.
PROPOSITION 6.15
The proof is similar to that of 6.1.3.
$7. S.&h5
7.0. We will show that 6,h,h5 = h,x. The outline of the argument is as follows. In Ext for the complex Y of 3.3 there is a certain permanent cycle c( (7.1). By some manipulations with this cycle we can show that S,( 1, h,hi) = x in the Adams sequence for Y (7.2). The same differential holds in X,,; but this enables us to compute x~~(XJ, from which we can obtain x37 by a counting argument (7.3). The desired result follows. 7.1. We begin with the three-cell complex Y. Here the asterisks are abbreviations for products with h, of the elements to the left; single and double bars indicate cell of origin as in 4.4.
--By naturality we have in the above table the differentials 6,h, = h& and 6,hOh4 = h,d,,.
We introduce the notation cc=h,+~=(1,hJ,hq)+(lrh4,h3) and we wish to show that u is a permanent cycle. If we pinch the O-cell of Y to a point we obtain the two-cell complex S8 uzO et6 which we will call Y'. The crucial step in the calculation of 6,h,h, is the following.
LEMMA 7.1.2. The element & + E E Ext, '*24(M,,, Z,) is a surviving cycle, giving a homotopy element {CC') E 7c23( Y').
Proof. Consider the following diagram:
Y' -+ S* u2a er6 u, e24 3 S24
The lower row is equivalent to the co-fibratibon 3.2.1 of X,. Clearly then the connecting homomorphism in the Ext sequence takes 1 to G. Thus, by naturality, the connecting homomorphism in the Ext sequence for the co-fibration of the upper row must hit either G or & +x . But it follows from the work of Adams on the decomposability of h4(Sq16) [l] that the image 6 # 1 must contain c. This proves that 6# 1 = 'i;;; +z in the Ext sequence of the upper row. But (1) is of course a homotopy element, the generator of ~x,,(S~~), and therefore h, + < is a permanent cycle, and hence a surviving cycle, in Y'; and the lemma follows.
LEMMA 7.1.3. In Y, CI is a surviving cycle.
ProoJ: This is now almost immediate from 7.1.2 and the homotopy exact sequence of the co-fibration So -P Y+ Y'. 7.2. We now use the above results to show that x does not survive in the Adams sequence for Y.
LEMMA 7.2.1. In Ext for Y we have the following products: (9 (1, h,, h4P4 = (1, h, 16); (ii) (1, h,, h,)h, = 0; (iii) (1, h,, h,)d, = j#x; (iv) (1, h,, h&d, = 0. Here j denotes the composite ji : So + Y of 3.3. from which it follows that (h4, do, h3) = X. Now from the Jacobi identity (h,~h,~do~+(h~,do,h~)+(do,ha,h~~=O, since the first two terms are each x and the indeterminacy is zero, it follows that (d,, , h, , h3) = 0 which implies (iv). 6, hO(l, h, , hi) = 6, h, h, a = c&hOh, = cxh, d, = h, j, x. But &(I, h3 , hi) is clearly zero, and the lemma follows.
7.3. We now consider the complex X, .
LEMMA 7.3.1.
The d@erential~& (l, h,h$> = i,x (ii) 6,P'k = h,,P'g; (iii) J4e,,g = P2g; (iv) 6,& = h;P'k; (v) S,G = x, Proof. The differentials (i) and (ii) are obvious by naturality, and we also obtain (iii) by naturality, observing that S,zk = 0 since hik = h,P'g. We have proved (v) in 7.3.1. Finally, (iv) follows from (iii) and the fact that h,e,g = hzy is obviously a permanent cycle here.
We should also observe that hzz is a permanent cycle, since it can be written (hihJ/1, (see 3.2.4) , and that e, is a permanent cycle in X,, , by an argument given later (8. Proof. By 7.3.6, 6, h3h , is defined. If it were zero, both 6,h3hs and &e, would have to be non-zero, in order to agree with 7.3.5. But 6,e, = 0 is proved in 98.6 below. Thus 7.3.7 follows from 7.3.5 and 7.3.6. 7.4. In the proof of 7.3.3-7.3.7 we used the relation h,r = hjjx + h,t. In E'Ext, h,r = 0, but in Ext, h,r might conceivably be any linear combination of hzx and h,t, since both elements have lower weight in the sense of May (see Section 1.2 above).
The fact that h,r is as claimed has been proved by showing that J: and htx + h,t do not survive in the May spectral sequence for A', (unpublished). This product is closely related to the product h,r = s (because of Lemma 1.2.1, part (v)), which has been proved by similar calculations (in the complex So uzt e'). This latter product can also be proved by the techniques and results in The metastable homotopy of S", by M. Mahowald (Mem. Am. math. Sot. No. 72, 1967) .
58. PROOF OF THEOREM 1.1.6 8.0. Now we will prove that all remaining differentials are zero. Using known facts about the image of the J homomorphism, and using the fact that each 6, is a derivation with respect to the product structure of E, , it is clear from what has already been proved that the following elements are permanent cycles : n, d,, q, p, h,c, , g2, and hgh5 . It remains to show that the following are permanent cycles: h h 8.1. We begin by giving the promised proof that lzf is a permanent cycle, which implies 2.2.2. The fact that hi is a permanent cycle is a corollary to the rollowing theorem. THEOREM 8.1.1. The four-fold bracket (a, 2a, cr, 2a) exists, and {hi} = (c, 20, CT, 20) .
Proof: According to Oguchi [8] , to show that the bracket exists it is sufficient to prove that (6, 20, a) = (2~7, 0,20) = 0 with zero indeterminacy. It follows from Toda's formula ((3.10) of [lo] ) that <a, 2a, a) = (2a, 0, 20). But clearly (20, (r, 2~) = 2(a, 20, a), and since 2n 22 = 0, both three-fold brackets are zero. The following lemma shows that the indeterminacy is zero. ProoJ n15 is generated by p and q~. Now TIC = (v, 2v, E) and therefore aqrc = (ts, v, 2v)~ = cm = 0. On the other hand S22 + S" 3 SO(n) + CY'S" where w is a generator and n > 22 shows that op = o(oJ) = 0.
This proves the existence of the four-fold bracket. To show that it contains {k:} we represent the bracket by the complex Then X = S" uIZI enf31 can be realized by taking the mapping cylinder MZ of 5 and adjoining enf31 by the map The following consequence will be used in 8.3. Proof. v<cr, 2u, u, 2a) N (0, 20, 6, 2~) but the indeterminacy of the last bracket is 2an,, = 0.
